A very simple model is presented where all CP violation in Nature is spontaneous in origin.
I. INTRODUCTION
The fact that Nature distinguishes left from right and particles from antiparticles at energies so far explored was established long ago and represents a cornerstone of our ability to infer the most basic properties of the fundamental interactions. In its most subtle form this symmetry violation, called CP violation, has been experimentally confirmed only through the presence of one irremovable phase in the mixing matrix among quarks interacting with the W bosons in the weak interactions, a manifestation known as the CKM mechanism. In principle, the nontrivial vacuum structure of QCD would allow CP violation to appear through the nonzero value of the so-called θ parameter, with possible contamination from phases in the weak sector. Why this parameter is experimentally constrained to be so small is known as the strong CP problem (see [1] for a review).
The explanation for the strong CP problem usually invokes three possibilities: (i) the promotion ofθ to a dynamical field -the axion -which couples to the QCD gluon potential and then is dynamically driven to zero in the potential minimum [2] ; (ii) a massless up quark which allowsθ to be rotated away by the global axial symmetry (strongly disfavoured by lattice calculations [3] ); (iii) CP (or P) is indeed conserved at the fundamental level and its violation manifests itself only through spontaneous breaking at lower energies makingθ calculable and to arise only at loop level, potentially justifying its tiny value [4] [5] [6] . Within approach (iii), the Nelson-Barr mechanism is one of the simplest ways to guaranteeθ = 0 at tree-level from explicit CP conservation [5, 6] . For other approaches consisting on P conservation, see Ref. [7] . Other proposals based on CP conservation can be seen in Ref. [8, 9] .
In the simplest implementation of the Nelson-Barr idea, Bento, Branco and Parada (BBP) [10] enlarged the SM with only one complex singlet scalar and one vector-like quark of charge −1/3. The former is responsible for the spontaneous breaking of CP while the latter mediates this breaking to the SM. They have found that a correction toθ was generated at one-loop as
where f and λ φS quantify the two portals to the SM: the former is the Yukawa coupling between the heavy quarks transmitting the CP violation from the scalar sector to the SM and λ φS is the Higgs portal coupling(s) to the CP violating scalar. So, sufficiently suppressedθ required very suppressed portal couplings. See Ref. [11] for more discussions on the naturality of this and similar schemes.
Here we will improve on this simple model by assuming the presence of a new order 4 CP symmetry, dubbed CP4 [12] , acting on the new scalar and the heavy quark sector which now requires two vector-like quarks. This symmetry further protectsθ = 0 which is now corrected only at two loops as
Therefore, only moderately small portal couplings are necessary to obey the current bound:θ 10 −10 [13, 14] .
The study and application of CP4 symmetry is being actively pursued in the literature after the original model was proposed in the context of a 3HDM with irremovable complex parameters in the Higgs potential without explicit CP violation [12] . After that, it was extended to the quark sector in
Ref. [15] , where irremovable phases appear in the Yukawa sector as well, and to the neutrino sector in Ref. [16] . More recently, an algorithm to detect such a symmetry in the 3HDM was devised [17] , its relation to mass degeneracy was also studied [18] and the interplay between annihilation and conversion to the DM abundance was investigated [19] .
We organize the rest of this paper as follows: in Sec. II we review some aspects of CP4 which will be needed to construct the model. The model is presented in Sec. III. The vanishing ofθ at one-loop is shown in Sec. IV together with the estimate at two-loops. The conclusions are then shown in Sec. V.
Here we review the action of CP4. We begin by analyzing the action on two complex scalars which can be readily adapted to two chiral fermions. Our model, developed in the next section, will make use of two such a pair of chiral fermions together with a single complex scalar which, as reviewed below, is equivalent to a pair of real scalars transforming faithfully under CP4.
A. Scalars
The basic structure of the order-4 CP transformation, known as CP4 [12, 15] , can be defined by two complex scalar fields ϕ 1 , ϕ 2 transforming as
wherex denotes spatial inversion of x. The minus sign in the second relation is crucial because its square leads to a Z 2 symmetry:
hence order 4 CP symmetry [12] .
Taking combinations of these fields, we can recover more familiar transformation properties.
For example, we can construct CP4-odd combinations,
or usual CP transformation,
with an additional sign that can be eliminated by rephasing ϕ i .
It is well known that multiplication by i on a complex field S can be represented by the real matrix = iσ 2 in the real basis (Re S, Im S). The eigenvalues in complex space does not change, i.e., ±i for S, S * . In the same way, in the basis (Re ϕ 1 , Re ϕ 2 , Im ϕ 1 , Im ϕ 2 ), the transformation in (3) can be represented by
eigenvalue +i are
Their complex conjugate have eigenvalue −i.
The previous "diagonalization" of CP4, however, is only possible for fields that do not carry other quantum numbers as separation into real and imaginary parts is necessary. If ϕ 1 ∼ ϕ 2 carry the same U (1) charge q, CP4 flips this charge as usual CP. On the other hand, if ϕ 1 ∼ q but ϕ 2 ∼ −q, then CP4 commutes with this U (1). In fact, the entire SU (2) group acting on (ϕ 1 , ϕ 2 )
commutes with CP4 as U * = U for any U ∈ SU (2).
If ϕ 1 , ϕ 2 carry no charge, CP4 do not mix the fields in (8) and only one of them can be chosen as a minimal component, i.e., a complex scalar S transforming as
hence acting as a Z 4 transformation on field space. In terms of its real components S = S 1 + iS 2 , they transform as
i.e., the real version of (3).
As the combination (6) transforms as a complex field by usual CP transformation, we can also see that CP4 can be represented faithfully by (3) but it can also be represented unfaithfully by the usual CP transformation which has order two for scalars and for this reason is sometimes denoted as CP2 to distinguish it from CP4 [15] . Therefore, when we say that a model is CP4 symmetric, it means that at least one set of fields transforms faithfully as (3) or (9) (or equivalently for fermions) while others might transform by usual CP2 transformation, which includes the usual CP even or CP odd behaviors for singlet scalars. These possibilities are akin to the possibility of representing Z 4 by fields that have charges ±i (faithful) or charges ±1 (unfaithful). The latter are the nontrivial and trivial representations of the Z 2 subgroup of Z 4 . We disregard the possibility of CP symmetries of order higher than four [20] .
It is also useful to track the action of (CP4) 2 in (4) which generates a Z 2 symmetry. For the faithful representations of CP4, the action of this Z 2 is also faithful but for the unfaithful representations, this Z 2 acts trivially since (CP2) 2 is equivalent to the identity transformation for scalars.
We define the usual CP (CP2) transformation on chiral fermion fields ψ = ψ L,R as
where
with β = γ 0 and C ≡ iγ 0 γ 2 in the Dirac or Weyl representation. In contrast, we define the nonconventional action of CP, i.e., CP4, on a pair of chiral fields ψ 1 , ψ 2 , as
where cp is the usual CP transformation in (12) . We will often pack the two fields as one doublet
where i = −σ 2 acts in this degenerate space. See Refs. [15, 16] for more discussions about the action of CP4 on fermions.
Again, the action of (CP4) 2 is nonconventional as
while conventional CP transformation (11) results in Because only D L,R and S transform unconventionally under (CP4) 2 , the Yukawa interactions for charge −1/3 quarks will be partly secluded into ordinary and heavy quarks as
where q iL and d jR are SM quark fields, i, j = 1, 2, 3, a = 1, 2, Y d and µ D are real due to CP4 with
In addition, the Yukawa coupling F is a 2 × 3 complex matrix and its barred coupling is defined byF
with = iσ 2 being the two-dimensional antisymmetric tensor. Unlike the original Bento-BrancoParada (BBP) model [10] , here we do not need an additional Z 2 since this symmetry is already generated by CP4. We note that although the theory is CP conserving the coefficients F,F are intrinsically complex and cannot be transformed to real coefficients much like the CP4 symmetric 3HDM potential proposed in Ref. [12] . For the latter, intrinsically complex Yukawa couplings are also present if some quarks also transform faithfully under CP4 [15, b] . The model discussed here is complementary to those in that the parameters with irremovable phases appear exclusively in the Yukawa sector. One may choose F to be real, in which case,F is also real and the theory is additionally invariant by CP2 for all fields. We discard this possibility because in this case the scalar potential is not capable of spontaneously breaking this CP2 and the CKM phase cannot be generated; see Secs. III B and III C.
The most general reparametrization transformation that maintains the CP4 (and CP2) trans- Rephasing of S, except for multiples of i, are forbidden because the potential needs to be invariant;
cf. Sec. III B. Under a transformation of this type F andF transform in the same way. Hence, we can see from the singular value decomposition of F that in the generic case not all complex phases of F can be removed.
1 The term involving µD can be more generic, i.e., a 2 × 2 matrix obeying µ * D † = µD, but it can always be diagonalized with positive and equal values using appropriate SU (2) reparametrizations acting on DL,R. In any case, D1, D2 are degenerate in mass due to CP4.
Apart from the SM Higgs doublet, we consider one complex scalar singlet under SU (2) L , S = S 1 + iS 2 √ 2 transforming as (9) by CP4. The most general potential invariant under CP4 is given by
is the usual SM scalar potential. The next term is given by
where we can absorb the phase of λ 2 by rephasing S so that we can choose λ 2 > 0. Finally, the interaction between φ and S occurs only through the Higgs portal
We can see that the phase of S only appears in the λ 2 term and then the potential is minimized when S is real and positive. 2 Since the potential contains only one phase sensitive monomial, the manifest canonical CP symmetry cannot be broken spontaneously [21] . The CP4 symmetry, however, will be broken once S gets a vev. Compared to the original BBP model, this scalar sector has the same number of fields but less free parameters while our Yukawa sector in (17) has more fields and more parameters.
At this point, we should remark that the symmetry structure of our model is crucially different from BBP-type models because it cannot be obtained from the imposition of usual CP and a Z n symmetry. The BBP model is based on Z 2 and CP2 and it cannot forbid S 2 terms in the potential (henceθ at one-loop) in contrast to our potential in (21) and (22) . The same potential as ours can be obtained by using Z 4 but then either the F orF term would be absent in the Yukawa Lagrangian (17) . With the additional imposition of CP2, F orF would be real and no CP violation can be generated to account for the CKM phase; cf. Sec. III C. Since the physical predictions are different,
we can see that CP4 is indeed a genuinely different CP symmetry that cannot be obtained from usual CP and an additional discrete symmetry. Other examples can be seen in Refs. [12, 15, 16, 18] .
with v = 246 GeV being the electroweak scale, we can write the minimization equations as
which can be solved analytically. We have also defined λ 12 ≡ λ 1 − λ 2 > 0.
After shifting the fields by their vevs, we can define (S 0 , S 1 , S 2 ) = √ 2(Re φ 0 , Re S, Im S) where S 0 corresponds to the SM higgs direction. In this basis, the mass matrix is
The block diagonal structure is evident and follows from usual CP conservation of the potential, hence CP4 ensures CP2 for this simple potential, although CP4 is spontaneously broken. As we are going to see, this conservation of CP2 will be crucial for the protection ofθ = 0 at one-loop.
We can see that the CP odd field A = √ 2 Im S has mass
while the CP even fields s, h have masses
where the approximate expressions are valid for v S v. The lighter scalar h corresponds to the 125 GeV Higgs boson discovered in the LHC.
The mixing between the CP even scalars is given by
to be above the TeV scale we will typically need v S TeV.
C. Generating the CKM
Considering the vevs (23), the down type quark mass matrix is
For definiteness, we work in the basis in which the mass matrix for up type quarks is diagonal. Note that M DS contains irremovable phases from F and thus CP is spontaneously broken. Nevertheless, M D obeys the Barr criteria [6, 24] : a complex CKM matrix can be generated butθ = 0 at treelevel. 3 We also note that M DS is always nonzero asF = −F implies F = 0. The same is true for any relationF = e iα F .
Usual bidiagonalization allows us to write
corresponds to two heavy quarks. The observable lefthanded matrix U L will have a hierarchical structure due to the hierarchy v S v present in
where we have defined
DS . Such a hierarchical structure allows us to approximate
The first matrix in (33) can perform the approximate block diagonalization that leads to the mass matrices for the SM down-type quarks and heavy quarks:
We can see that M d M † d contains complex phases unsuppressed by v/v S in the second term if µ D M DS , analogous to the original BBP model [10] . These complex phases will lead to a complex CKM matrix V CKM which diagonalizes
At the same time, spontaneous CP4 breaking also leads to a mass-squared splitting of the heavy quarks in (35b) proportional to v 2 S . In the regime µ D M DS we are interested in, this mass splitting is at least of the order of µ D . This regime also means that the mixing matrix U R is not hierarchical and generically contains order one mixing angles and phases.
The presence of vector-like quarks D a implies the existence of FCNC interactions through Z mediation which are however suppressed by the ratio between the masses of SM quarks and heavy quarks [25] . Other effects such as electroweak precision observables or deviation of SM couplings are also suppressed for heavy quarks [26] . Current experimental searches at colliders constrains these heavy quarks to be heavier than the TeV scale [27, 28] .
IV. LOOP CORRECTIONS TOθ
As the model implements spontaneous CP violation and satisfies the Barr criteria [6, 24] , both the contributions coming from QCD and from the electroweak sector to the CP violating parameter θ vanish at tree-level. Higher order finite corrections are calculable and we will quantify these corrections in the following. We will conclude that the one-loop contribution vanishes and nonzero contributions arise only at two-loops.
If we denote by m R the generic tree-level quark mass matrix in the basisf L f R , it receives corrections at higher order as m R − δm R . This correction, if complex, will lead to a correction tō θ of the form
Only the corrections coming from the Yukawa interactions (17) lead to a potentially complex contribution at one-loop [10] . Using dimensional regularization and MS we find at one-loop
is a loop function that depends on the possibly non-diagonal fermion mass matrix m R m † R . The calculation of the correction (38), which is detailed in appendix A, is the same as found in Ref. [10] if we ignore the renormalization scale µ. The Yukawa couplings are defined by
In appendix B we explicitly show that the 1/ part of (38) vanishes at one-loop. Hence these corrections are finite as expected. This property also implies that δθ is invariant by shifts of the subtraction point µ → µ + δµ in (39) so that we can use masses and Yukawa couplings at any suitable renormalization scale.
Ignoring the mass matrix from the up-type quarks, which is real, we can focus on the contribution for m R = M D . Then the correction can be written as
where the index f runs through the charge −1/3 quark mass eigenstates and
is a matrix that transforms asf iL f jL in flavour space. The coefficientsĈ are defined for Yukawa couplings Y ϕ R for mass eigenstates ϕ ∈ {h, s, A}. The symmetry structure is more evident in the initial symmetry basis ρ ∈ {S 0 , S 1 , S 2 } connected through the mixing (28) which we write here as
although R contains no mixing between A and the CP even scalars.
The matrixĈ ϕϕ can be written in terms of C ρρ in the symmetry basis aŝ
The Yukawa couplings in the symmetry basis can be easily extracted from
i(F −F ). So we can write generically
where we note that among A ρ only A S 0 is nonzero.
Explicit calculation leads to
Since all entries involves A ρ , it is clear that a nonvanishing matrix requires ρ = S 0 for which
One can check that the diagonal elements of
where the hatted matrices denote the diagonalized masses in (35b). The element C S 2 S 0 leads to a potentially complex contribution but the absence of mixing between S 2 -S 0 , i.e., R S 2 ϕ R S 0 ϕ = 0 for all ϕ, makes all contributions to (41) vanish and there is no correction toθ at one-loop. This calculation is exact with respect to the mixing matrix U L . Therefore, our model predicts a correction toθ only at two-loops, a feature that improves over the original BBP model.
In order to estimate the two-loop contribution toθ, we notice that the mixing between S 0 −S 2 can be induced at one-loop level as shown in Fig. 1 , leading to a mixing angle of the order of
where λ φS is the Higgs portal coupling of S and F here denote a generic combination of F aj .
The dominant contribution to the h-A self-energy comes from the chirality flipping part of the heavy fermion propagators with insertion of m Da . This mixing will induce a contribution to (41) coming dominantly from the lower-right block of (49c) because the diagonalization matrix (33) is approximately block diagonal. We arrive at
which can be estimated as
The absence of the neutron eletric dipole moment constrainsθ 3.0 × 10 −10 [13, 14] so we just need a moderately small Yukawa coupling of the order F ∼ 0.05λ Considering other contributions, few comments are in order:
• The key property in our model that guaranteesθ = 0 at one-loop is the automatic conservation at tree-level of usual CP, S 2 → −S 2 , in the scalar potential (19) as a consequence of CP4. This means that the mixing between CP even and CP odd scalars, S 1 -S 2 mixing, arises only at one-loop through the graph in Fig. 1 .
• The symmetry S 2 → −S 2 is not spontaneously broken at tree-level as S 2 = 0, and it is only broken by F −F in the Yukawa couplings.
• From rough estimates of representative graphs, a net complex contribution requires the interference between the Yukawa coupling of S 1 with that of S 2 and nonzero vevs for them.
Thus S 2 = 0 leads to the vanishing of the estimates of Ref. [11] toθ from (a) the one-loop threshold effect to the low-energy Yukawa coupling of d-type quarks (essentially the BBP contribution that we calculated) and (b) the two-loop complex contribution to the heavy quark mass matrix (µ D ) from the dead-duck type diagram.
• Two-loop contributions toθ unsuppressed by F, Appendix A: Self-energy
Here we provide further details on the calculation of the fermion self-energy at one-loop level.
Following similar arguments to those presented at [10] , only the contribution due to the exchange of a scalar field will be relevant toθ. Therefore, we will only need Yukawa couplings which can be generally defined by
where ϕ are real scalar fields and Y ϕ ij may contain γ 5 matrices in Dirac space. It is hermitean in the sense that
We are mainly interested in the one-loop contribution tof i f j . Assuming ϕ are mass eigenstates, the amputated diagram, which also contains an internal fermion f k , can be written as
where a sum on the scalars ϕ is implicitly assumed. Although the contribution toθ is finite, a regularization is needed in order to deal with intermediate steps of the calculation. In this work, we will choose to adopt the dimensional regularization scheme, which yields
The calculation can be performed in a generic fermion mass basis as well, in which we can 
where we defined
As it stands, the self-energy still contains a divergent piece. We show in appendix B that this term will eventually drop in the calculation of δθ, however, for definiteness, one can adopt a subtraction scheme such as the MS and explictly remove the ε −1 term.
Finally, regarding δθ, the relevant quantity is the radiative correction to the mass matrix, namely m R − δm R . To obtain such, one needs to find the position of the poles of the corrected fermion propagator ∆ = / p − m + Σ(p 2 ) −1 .
Using the chiral decomposition and defining
one obtains, to first order on the corrections,
Therefore, the position of the poles can be found with knowledge only of Σ eff (p 2 ), and the end result is
where we consider only the R projection of Eq. (A8), the sum on the scalars is explicitly introduced and p 2 = m R m † R at leading order. Finally, since both Σ L and Σ R are hermitean, only the last term of Eq. (A10) contributes to δθ.
Appendix B: One-loop correction toθ is finite
Here we show that the one-loop correction in (38) is finite by explicitly retaining the 1/ terms of dimensional regularization. The correction is given by
The coefficient of (16π 2 ) −1 in δm R coming from generic Yukawa couplings is
where Y ϕ R is written in a generic basis for fermions and for scalars. We can see that only the first term of (B3) leads to a potentially complex contribution as
For Branco-Bento-Parada type models, we can use (47) with real and nonzero A ρ for ρ = √ 2 Re φ 0 of the Higgs doublet and zero otherwise. In contrast, B ρ is nonzero and generically complex only for the scalars beyond the SM. If we use the mass matrix structure in (30) for m R we arrive at
Only M DS and B ρ can be complex but A ρ and B ρ cannot be simultaneously nonzero for the same scalar ρ so (B5) vanishes and hence the one-loop contribution to δθ is finite.
